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PMT formats

PMT formatsrange fom 1/2’-
dia.tubes to60 cmand more,
windowshapemay becircular,
hemsphercal or hexagonal
numberof dynodes $from 6 to
12 (max14) with any Stype
photocathode toover thel50
to 1200nm spectral range
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Typical values

Typically, at 200 V ofinterdynode voltagethe dynodegain
IS g=4 per stage, theansittimeis 2.5nsper stage anits

time-spread i19.5ns

For examplewith 12-stage PMWe have
- again, G=412=1.6 107
- an(unessentidlpulsedelay 2.5x12 =30 ns
- apulseduration dueto spreagt =0.5xv12=1.8 ns
(theimpulse responge
- acurrentpeak 1 =eGt=1.610"°1.6 10/1.8 10°
= 1.4 mA (well detectable
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Single Electon Respons€SER)

vert scale: 0.5 mA/divhor. scale: 1 ns/div
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Secondary multiplication

1 primary
For oneprimaryelectronmpinging
E . |
on adynode with energk,we find
n secondary elecns emitted

Number is not ixed, varies from

N secondags primary to primary

Probabilityof having n secondaries
IS Poisson distributed

p(n) =g" e9/ n!

whereg is the mean valugor mean
gain of thedynodg
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The electronoptics
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Excursus: Design of the elecwn optics

Given a tentatve structure and electrode voltages one looks for the potental
distribution V(r,z):

92V/(r,2)/822 + (LIr) V(r,2)/dr + d2/(r,2)/dr2= 0

(boundary condions V(r,z)=V.,,, theappled volages.

Asn(r,z) =VV(r,z) is theelectrostatt indexof refraction, theray equatngiving the
trajectoryr=r(z) canthenbe integrated

2V/(r,2) 92r(2)0z2 + OV(r, 2)10z dr(2)/0z + (r/2)02V(r,z)/0z2= O
(initial condtions r=r, (postion)and dr/dz=tan ¢, (slopg at z=0).

Solution yieldsthe outputtoordnater=r(L) of theray.
Repeatng raycalculations wth different tarng,, we getthe confusiondistribution

r=r(L,rp)

of theelectroneptics for entranceat[z=0, r=g] in the objectplane
Many stepsof optimization are repeatedon the full image with slight changesthe
electrodes shapemdvoltagesso asto minimize aberrabnsall over theimagefield.
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Common PMT structures
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Common PMT structures (cont'd)

PHOTOCATHODE

box andgrid

DYNODE CHAIN
linear dynodechain
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Types of PMT responses to be considered

*Charge (or integral) responseis the number N of electrons
collected at the anodefor one photoeledron impinging on the
first dynode(multiplier chain responsé or one photon detectal

by the photo@athode(PMT responsé. Extenspn: to alight pulse
containing R photons (scintillation counter responség. For all

statistics, the randomvariable N is chamcterized by mean [N
andvarianceoy>=[IN-ICIN[]2.

sImpulse(or current) responsein thetimedomain: is thetime-
dependenbutput SER (single electron responsgfor an electron
att=0 onthefirst dynode We will calculate: the meanTISER ()]
and varianceos£2(t), the output currenti(t) for 1 or R photor/s
detectad att=0, andtheregponseto an optcal signall(t) carying
R photonsA variantis thecorrelation regponse

*Responsein the frequency doman: is the tranger functon

F(w) of the PMT, given by the meanand noisespectial densty
s(w) for different nputs

*Time localization: is abouttime measirenents i.e., thedelay T

betweena shot light pulse deteded at t=0 and the outputanode
pulse whereT [ is the meandelay and the varianceo? yields
theaccuray of time localization suppled bythe PMT.

/%/
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Charge response

multiplicationat thedynode(fixed input)

for 1 impingingelectron for K impinging electrons
[mU=[0hl =g, U = K Ond= Kg,
0°= 0 o= Koy = Kg

model of dynode multipication (randominput)

k — m
<k> \/—z <m> = <k> <n>
2 2 _ 2 2
{Ok 0f, = <k>0 f+ 0k<n§
| |
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Charge responsdcont'd)

Applying iteratively these eqtians we ge

dynode meanN[] variance,?
1° ¢ O1
2° &, 019, + 0,0,
3° 878! 0:9,03 + 919,05%: 9,0,°05°

4° §9.939, 01059594 + 91050594+ 910,070,471 910,°05°0,4°

n-th 99, O, > 010G [0i4170n 12

I=1,n
Whence: UNU= g0,0,
on? =INC? D 1/(90,9)

I=1,n
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Charge responsdcont'd)

Letting all dynode gaing equal excephe firstg,
we have
on? = NCF (V/g) [1+1/g+1/g2+ -+ 1/gTY]

= [ON[P? /[g,(1 - 1/g)] = (NP e,?

where
€22 =0 /[0,(g -1)]

IS calledthemultiplier varian®, because ijust
givesthe relate varianceof thecharge

0,/ ON[P=¢g,?
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Charge responsdcont'd)

For exactly R photoelectrons arriving tihe 1st
dynode

[(N:O= g9, g,R=I[NOR
or°=0\> R =[Ng[Fe, 2 R
and the relate variance is
Onr? /ONR[P=€,2 /R
l.e., it improves ad/R.

Last, consider the R photoelectronsbe Poisson

distributed as due to F photons deteted by the
photocathodwvith quantumefficiencyn, sothat

RAF
photoelectrorareemitted

from:”Photodetetors”, by S.Donati, Rrentice Hal 2000
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Charge responsdcont'd)

If Fis Poisson dstributed alsoR=nF is Poisson
distributed whenceoy? = IRl The statistical compounrd
Ing rulesareschematized belaw

<N_ >=<NF> <N>
F

02 =nF> 02 +0°<N>°
NF N R

16
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Charge responsdcont'd)

By applyingthecompounding rugs we get
[(N[F [NFOONO
one? = NFO o2 + 02 NP = ONCLF (1+ €,2) /OnFO
As the relativevariance aaied bythe packebf photonsF is:
o2/ FCP = J/OFO

the photomultipler addsa worsening byafacbr:

NP =[o\?/ONLF] / [/ TFCF] = (1+€,2)/n
NF2 is calledthenoisefigure and,is nicely low.! .!

[for exampleg,?=0.33for g=4 andwith n =0.33wehave
NF2=4]

17
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Current response

The proces®f multiplication is
now time-dependenandinter

dynode fights areschematized by
afunctionf (t), thepdf of having a

; =9 | time-of-fli ght t_t+dt whenthe
\ On=9 electronleavesthe ith-dynodeat
time t=0.

i -th
DYNODE

f(t) Thenumberof secondariesn
again electron®l lows the
(i+1)-th t\\ \n(t) Poisson statistic&ach electrons
DYNODE fromthe ith dynode coverthe

interdynodédlight independently

Choices br f(t): Gaussian f(t) = [V(2m)o,]* exp[-(t -t))%/20,7]

or polynomiatexponential f(t) = [[[(m+21)o, ™)1 tm exp(-t/oy)

18
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Current response(cont'd)

A random current W be witten as

() = e N(t)

wheree is the electrorcharge
N is therandomtotal charge
f(t) the timedependence

(for simplicity, we will omit efrom nowon)

from:”Photodetetors”, by S.Donati, Rrentice Hal 2000
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Current response(cont'd)

mean currenat thgi+1)-th dynode

[(h(t) = On Of(t)
where R is the fandon) totalnumberof secondaries
[N=[,.. ()T df], with meanandvariance

(hyO0=g, o0,=40,

andasf(t) =f. (t) we have

(U= gf; (1)
To computehevariance we shallintroduce the
generatlized comptof covariance

from:”Photodetetors”, by S.Donati, Rrentice Hal 2000
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Current response(cont'd)

Covariance function Kt,t'):

K(t,t) = Ln(t)-On() L [n(t)-On () O

for t=t' e covariance becosasthe varianceK (t,t)=0;4(t); and,if K is
dependenon t-t=1 only, it becomeghecorrelation functiorp(T).

For a processnith a sequencef n: independenglectrons
with arrival timesf(t), one carind thatthecovariance is

Ki(t,t) = [(0,r7Un:0) + Onp 0H1] £() O(t'-1)
whered(t'4) is the Dirac deltafunction.
Fora Poison distributed f, we have

Xt) = g f(t) 5(t-1)

21
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Current response(cont'd)

n()>= g (1)

n { . .
<n(t)> K (tt) = g f(t) o(t-1)
oM = K, (1) >
n () | " > mO
K_(t,t
{<n|(t)> O <m(t)>=<n,(t)>Ckn(H)>
K (L) {

Km(t,t') =N I(t)>6(t'-t) [TK, (t,t)+
+ K (t,t) tkn(t)><n(t)>

Schematzation of arandomtime-dependent mitilplicationthroughmean
andcovarance(top) andrule of compostion of signalanddelta response
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Current response(cont'd)

Apphng iteraity ely the composition rules we have

dynode meahni(t) ] covariance K,t')
1st gq() 9, 1(t)o(t-1)
2nd  ggofi()f(t)  gif(DO-D)IID,f ,()O(t'-) +g,f, () O(t-t) [Th,% (1) (1)
=0¢ 1(t) O ()d(t'1t) +9,9,% 1 (1) CIf H(OF ()]
3rd 99,05 1(t) (1) 5(t) 019,05 1 (1) L ,(1) T 5()o(t'1) +
+ 00,0571 (1) T (1) If 50 3(t)]+
0,8,°0:% (1) LI 5(t) TF 3()][F 5(t) T 5(t)]

> 01 O G [Gar G2 1) O (8 B-0Of (1) O
[ TNOI 12 ()30 (0]
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Current response(cont'd)

This response ihe SER gingle-edctronresponsg
Mean value is

USER(tH= 648, 0, 1 ()L 5(t) D- L (1)
Also, aslIN[ = g,0,g, :

[ISER(t) = ONO f(t) L,(t) U (1)
Thecovariance is
Kserl) = 2 iz1n 010270 [i9n] 2 F1(D) O (1) O- (1) O
[Fi42(t) B O (O]1144(C) O 0 (1))
and the SERvariance(for t=t) is:

Ogr() = 2 2100170, [95:170,]2 F4(1) Of (1) O Of (1) O
[[fi+1(t) (- Cf n(t)]2

24
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Current response(cont'd)

Rigid SERapproximation
L(O 5 OO n(012= [f 2O F A0 5 F ()]

then ve have
Kser(tit) = 2 1/(9,9,6;) USER(H OSER(
= £,20SER(tJ OSER(t'D
Ogr2() = €42 OSER({)P

ﬂ:w g-3.$

assl ; . n=12 )
w ‘ An exampe of theaccuracyof the
N s - EXACT rigid SERapproxmation for n=12
© ” ‘ stagesanda Gaussantime-offight

N distribution

-2 g
t/o,

25
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Current response(cont'd)

——1 0:f; 9, 5 gnfn
Nl N2 - Nn
F d(1)
——1 N fo g.f4 9o o Infn
NO Nl N - Nn

Noise equwalentcircuit of thedynodemultiplying chan (top) andof the
photomutiplier (bottom). Noisegenerator; sumto themean sgnala

white noseof intensty equalto the mearsignal

out

out
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Current response(cont'd)

Case ofafixed numbeR of photoelectrons a singke shortpulse
with [L(t) O = OFCD():

O(t) O=R f(t) DOOSER(LD
K, (t,t) = R f,()8(t'-1). Keen(t,t') =R fo() [ISERY)ISERY) e .2

0,4(t) = R f,(t) ISERt)[(Pg,?
Also in this case, the relativearianceof theresponsggiven by
o 2(t)/TI(t) [P = [ f,(t) OOSER(t P e 2] / R [fo(t) DOSER(t)]?
canbe approximatedn therigid SERapprox, to:
o, %(t) /O [P =g 4R

27
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Current response(cont'd)

Somesamplef the
anode responss# the
photomultiplier forR= 10,
20 (top), 50,100 pottom
photoelectronsmaitted at
t=0, calculated by
Montecarlo method
Horizontalscale: timem
ns, verticalscale:current
In relative units

i1 1
0 2 4 6 8 IO II2 14 16 8 6 2 4 6 8 K0 R KW B B
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Correlation response

Thecorrelation finctionp(t) of a lightfield L(t) is defined as
p(M =] L) L{t+)dt

t =0-c0

If L(t) is atrainof photons occurringtrandom timesti.e.:
Lt)= hv 2 &(t-t,)

$o=-+00
developingp, the correlation is dbund as
pL(T) = (v)A{F o(t) + F1+y(D)]}
wherey(1) is thereduced corfation function
v(t) = OJL(t)-CL(t) O] [L(t+1)-CL(t+1) O 0/ OL(t) [P

29
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Correlation response (cont'd)

The outputcurrent correlatiorp (1) of I(t), canthen becomputed
and theresult is:

P (1) = (N€)*F ppspdT) +(N€)? F2[L+Y(T)] +Prspre(T)
where

Pospr(T) =] OSPR(tOSPR(t+) 0 dt
t =0-0c0

IS the autocorrelation associatedwith the mean waveform
[SPR(t)Ff (t)* USER(t)! of the singlegphoton responsend

PaspHT) = Pospro(T) +J Kgpet,t+T) dit
t =0-00

IS the autocorr&ation of the SPR fluctuations containedin the
covariance given by:

Kot 1+T) = €42 Fo(t) *OSER (] OSER(t'D

30
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Correlation response (cont'd)

To describeghe PMT
correlation response
two functionsare
required p(ASPR)

andplISPR

31
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Correlation response (cont'd)

When the correlationtimes are muchlonger, or fy(t) is short
compared tdhe SER arigid SPR approxination is adequate
and theprevious equations become

PaspHT) = (1+€42) Pogpra(T)
P, (1) = (N€)? (1+€4?) FPrgprA(T)+(NE)? F[1+Y(T)]+Prspre(T)

By deconvolutiorof p,(t) with pppr, llght correlations(T)
waveformsdown to aboutl0% of SERdurationcanbe
recovered

32
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Frequency Domain response

The transfefunctionF(w) is the Fourier transbrm of the d-responsdJ4(t), and
the noisepowerspectuim S(w)= di¥/dw is the Fourier transfornof K (1):

frequency reponse F(w) = { LUSER(t)L 1},

for a Gaussianwaveform : F(w)=UNCexp(w’no/2+iwnty), whencea
high frequency cutoff(at -3dB) of f+=0.83/2r0,¥n= 0.13/0,Vn.

noisepowerspectraldensity S%(w) = 2 (,+ly) (1+€42) [FW)?

In the passbandthe PMT is closeto the quantumlimit for I =1, 1.e. for an
Input powenarger tharP,=(hv/ne)l . In this case, the S/h:

(SINY =1,/ 2eB(1+e,°) = P12(w/n)B(1+€,9)
noisefigure: NF?=(1+¢€,2)/n.

P, is very small evenfor smalln, becausef thevery minutedarkcurrents } of
the photocathoddor ex.,for I,=1 fA andn=0.1, quantumhkm ited performance
Is at P> P~ 20fW andis over the ful frequencyband.

33
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Tim e Sorting and Measurements

<S(t)>
<S(t>+og(1)

Time sortingcanbe
simply performed bya
threshold crossg at a
suitable levelS, and
taking T, asthe timing
information carried by

<S(t)>o4(t)

thesignal

discriminator output
with threshold Sg

34
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Tim e Sorting and Measurements(cont'd)

Time variance br crossingof afixed amplitude threshald
0:%(T,)=oA(T,)/0dYdtl, [P
for the timemeasuremerdn SER:
012= £,20SER(tIR /[d/dt OSER(t)]2
andfor the timemeasuremerntn a fastpulse

For the timemeasuremerdn SER:
015 = [(1+£,2)/R]{f ,(t) (ISER(tY} 2/{d/dt[f ,(t) [ TISER(t]]} 2

Example for Gaussiardistributedtime-of-flightsf f ,,..,f , each withavariance
g, , usingathresholdat themaximumslopeof the SERwe have

052 = [(1+€,2)/RI(N+1)02

35
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Tim e Sorting and Measurements(cont'd)

The varianceof the SER centroid as the weighted sum of interdynodefl ight
uncertainties is

Orc* = Oy*+(1/g))0y” +(1/G9p) 0" + ... + (1/Gy0y-.9,) Oy
andfor equalo,; =0, :
07° = O*+€,° O
and in the case of R¥FL photoelectins
O1¢*= [0yp" +(1/9) 0y +(1/99,)0,° + ... +(1/9,9,--.9,) 0, IR
= §p"tea” 0¢1/R

Written aso;.2=[1+€,% 0,/R the centroidvarianceis smaller by afactor(n+1) as
compared tdahefi xedthreshold crossing
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